Introduction
Let f : Z → Y be a morphism of germs of analytic spaces, and let W be an irreducible component of Z. Let P be the associated prime of the zero ideal in the local ring O Z , corresponding to W . We say that the component W is vertical if there exists a nonzero a ∈ O Y with f * a ∈ P (see also the remark following Lemma 3.1).
In [11, [9, §6, Prop. 8] ) and the composition of flat maps is flat. Therefore the implication (i) ⇒ (ii) is an immediate consequence of the definition of flatness in terms of relations (see e.g. [2, Prop. 7.3] ). This in fact is the only place where the irreducibility assumption is needed (cf. the example in this section below). Implication (ii) ⇒ (i) does not require irreducibility of Y , by Kwieciński's Lemma 3.1 below. Thus, for any nonflat map f : X → Y of germs of analytic spaces there is a positive integer i such that X {i} has a vertical component. The proof given by Kwieciński is based on Hironaka's criterion for flatness (Thm. 2.2 below, see also [2, Thm. 7.9] ). Hironaka uses this criterion to prove the existence of the local flattener (see [2, Thm. 7.12] ), which we use to give a precise power needed in condition (ii) of Kwieciński's theorem. The local flattener for a morphism f : X → Y of germs of analytic spaces is, by definition, the maximal subgerm P of [6] and [11] ). Note that although the notions of vertical and geometric vertical coincide in the algebraic case over irreducible germ Y (as the image of an algebraic set under a polynomial morphism is always constructible), they are not the same in the analytic setup.
Clearly, over irreducible Y , every vertical component is geometric vertical, but the converse is false in general. Consider for instance the Osgood mapping f :
y ) (see e.g. [7] ). Then for an arbitrary neighbourhood U of the origin in C 2 , f (U ) has empty interior in C 3 , but there is no proper analytic subgerm of C 3 0 containing (f (U )) 0 , and hence f has no vertical components in our sense.
Observe that in general, i.e. without the irreducibility assumption on Y , the equivalence from Kwieciński's theorem is no longer valid. Consider for instance the identity mapping on the space X = {(x, y) ∈ C 2 : xy = 0}, which is obviously flat while each of the irreducible components of X is vertical.
Diagram of initial exponents and Hironaka's criterion for flatness
We briefly recall here basic facts regarding the diagram of initial exponents. For details we refer to [2] .
Let A be a local analytic C-algebra, say A = C{y 1 , . . . , y m }/J, with the maximal ideal m. Let L be a total ordering of monomials in t = (t 1 , . . . , t n ) with coefficients in A which is compatible with addition of exponents. We write t β for t 
0)}, for the evaluated series.
Let I be an ideal in A{t}. The diagram of initial exponents of I (with resp. to 
Next consider the following commutative diagram of canonical maps of O Ymodules, where both tensor products are taken i times and we assume that Y is a germ at 0: as h 1 (0) , . . . , h i (0) are linearly independent andρ,λ are injective. 
is trivial in the β 1 direction. As can readily be seen from the proof below, we do not really need that much but only triviality in some of the β 1 , . . . , β n directions. The point is that triviality in the β j direction implies that for a series F ∈ O Y {t} with supp F ⊂ ∆ and for any power k, the series t Since s < d, Remark 2.3, together with Nakayama's Lemma, implies that there exists a series F 2 = γ∈∆ b γ t γ ∈ ker κ such that for some γ 0 ∈ supp F 2 , the coefficient b γ0 of F 2 is linearly independent from a β1 , . . . , a βs modulo mQ. 
